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Abstract
A new procedure to construct and solve soliton equations with self-consistent sources (SESCSs) is ap-
plied to the semi-discrete Toda equation, based on its bilinear from. Bilinear Bäcklund transformation (BT)
for the semi-discrete Toda ESCS is presented. Starting from the BT, a Lax pair is derived for the semi-
discrete Toda ESCS.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
It is known that the Kadomtsev–Petviashvili (KP) equation has two kinds of coupled gen-
eralizations. One is the coupled system of the KP equation through pfaffianization, which was
developed by Hirota and Ohta [1,2]. Another kind of generalization is the KP equation with self-
consistent sources (SESCSs) found by Mel’nikov [3]. In this paper, we will consider coupled
generalizations of the so-called semi-discrete Toda equation [4]
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= V (k+1)n+1 + V (k)n−1 − V (k)n − V (k+1)n . (1)













Eq. (1) is transformed into the following bilinear equation:(
Dte
1
2 Dk − eDn+ 12 Dk + e 12 Dk )τ (k)n • τ (k)n = 0, (3)
where the Hirota’s bilinear operator are defined as follows [2,5,6]:




















a(n)b(n′) = a(n + δ)b(n − δ).
It is noted that in [7] a pfaffianized version of the semi-discrete Toda equation was presented.
Motivated by the fact that the KP equation has two kinds of coupled generalizations, it is quite
natural to seek the second coupled generalization of semi-discrete Toda equation, i.e., the semi-
discrete Toda equation with self-consistent sources (semi-discrete Toda ESCS).
It is remarked that some research has been done on continuous and differential-difference
equations with self-consistent sources [8–29]. Recently, a ‘source generalization’ procedure [30]
was firstly proposed to construct the dKP and BKP equations with self-consistent sources based
on the bilinear method. In that article we have also applied the ‘source generalization’ proce-
dure into the 2D Toda lattice equation. The purpose of this paper is to construct and study a
semi-discrete Toda equations with self-consistent sources utilizing the ‘source generalization’
procedure proposed in [30].
Before constructing the semi-discrete Toda ESCS, we firstly give the Grammian determinant
solution of the semi-discrete Toda equation. In [7], a kind of Casoratian determinant solutions of
Eq. (3) has been given. Here we take another form of the solution to Eq. (3):








where ϕi(n,−k) and ψi(−n, k) satisfy the following dispersion relations:
∂
∂t
ϕi(n,−k) = −ϕi(n − 1,−k), ϕi(n,−k) + ϕi(n,−k + 1) = ϕi(n + 1,−k), (5)
∂
∂t
ψi(−n, k) = ψi(−n − 1, k), ψi(−n, k) + ψi(−n, k + 1) = ψi(−n + 1, k), (6)
and cij is a constant. We can show that τ (k)n so defined satisfy Eq. (3) through pfaffian techniques.
To this end, the function τ (k)n can be expressed by the form of pfaffian:
τ (k)n = pf(1,2, . . . ,N,N∗, . . . ,2∗,1∗)(k)n = pf(•), (7)
where the pfaffian elements are defined by
pf(i, j∗)(k)n = cij +
∫ t
ϕi(n,−k)ψj (−n, k) dx, i, j = 1,2, . . . ,N. (8)
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(k)







− pf(d1, d∗0 , •)(k)n  τ (k)n − pf(d0, d∗0 , •)− pf(d1, d∗0 , •),
τ
(k)







+ pf(d0, d∗1 , •)(k)n  τ (k)n + pf(d0, d∗0 , •)+ pf(d0, d∗1 , •), (9)
∂
∂t













)− pf(d1, d∗−1, d0, d∗0 , •), (10)





)− pf(d1, d∗−1, •)− pf(d0, d∗0 , •)− pf(d0, d∗−1, •), (11)
where dm, d∗m are defined by





= ϕi(n,−k + m), (12)





= pf(d∗m, j∗)(k)n = pf(dm, i)(k)n = pf(dm,d∗l )(k)n = 0, (13)












)− pf(d1, d∗−1, d0, d∗0 , •)pf(•) − pf(d0, d∗−1, •)pf(d1, d∗0 , •)= 0.
So τ (k)n defined by (4)–(6) is a Gram-type determinant solution of Eq. (3). For soliton solutions,
we may take
ϕi(n,−k) = (pi − 1)−kpni e−p
−1
i t , ψi(−n, k) = (qi − 1)kq−ni eq
−1
i t ,
where pi and qi are arbitrary constants.
This paper is organized as follows. In Section 2, the semi-discrete Toda ESCS is constructed
and its Grammian determinant solution is obtained through the ‘source generalization’ method.
In Section 3, we give a bilinear BT for the semi-discrete Toda ESCS. Furthermore, the cor-
responding Lax pair for the system is obtained from the bilinear BT. Finally, conclusion and
discussions are given in Section 4.
2. The semi-discrete Toda ESCS
In this section, we will construct the semi-discrete Toda ESCS by utilizing the ‘source gen-
eralization’ method proposed in [30]. In order to do so, let us first recall so-called source
generalization procedure [30]. There are three steps involved in the procedure:
1. To express N -soliton solutions of a soliton equation without sources in the form of determi-
nant or pfaffian with some arbitrary constants, say ci,j .
2. To construct corresponding determinant or pfaffian with arbitrary functions of one variable,
e.g., ci,j (t).
3. To seek coupled bilinear equations whose solutions are these generalized determinants or
pfaffians.
We now turn to construct the semi-discrete Toda ESCS. In Section 1, we have finished step 1.
So we begin with the second step. Firstly, we change the function τ (k)n into the following form:




ϕi(n,−k)ψj (−n, k) dx
)
1i,jN
= Pf(1,2, . . . ,N,N∗, . . . ,2∗,1∗)(k)n  Pf(•), (14)
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cij (t) ≡
{
ci(t), i = j and 1 i K N,
cij , i = j and 1 i, j N,
with K being a positive integer and ci(t) being a function of variable t . In addition, the pfaffian
elements are defined as follows:
Pf(i, j∗)(k)n = −cij (t) +
∫ t
ϕi(n,−k)ψj (−n, k) dx, i, j = 1,2, . . . ,N,





= ϕi(n,−k + m),



































1, . . . , jˆ , . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗
)
− Pf(d1, d∗0 ,1, . . . , jˆ , . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)
− Pf(d1, d∗−1,1, . . . , jˆ , . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)
− Pf(d0, d∗0 ,1, . . . , jˆ , . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)
− Pf(d0, d∗−1,1, . . . , jˆ , . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)], (16)
where the dot denotes the derivative of cj (t) with respect to t and ˆ indicates deletion of the














where h(k)j,n and g
(k)









d∗−1,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗
)







Pf(d1,1, . . . , jˆ , . . . ,N,N∗, . . . ,1∗)
+ Pf(d0,1, . . . , jˆ , . . . ,N,N∗, . . . ,1∗)
}
. (19)




2 Dk− 12 Dn + e− 12 Dk− 12 Dn − e 12 Dk+ 12 Dn)h(k)j,n • f (k)n = 0, j = 1,2, . . . ,K, (20)(
e
1
2 Dk− 12 Dn + e− 12 Dk− 12 Dn − e 12 Dk+ 12 Dn)f (k)n • g(k) = 0, j = 1,2, . . . ,K. (21)j,n








0 ,1, . . . , jˆ , . . . ,N,N
∗, . . . , jˆ∗, . . . ,1∗
)
Pf(•)
− Pf(d1, d∗0 , •)Pf(1, . . . , jˆ , . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)
+ Pf(d1,1, . . . , jˆ , . . . ,N,N∗, . . . ,1∗)Pf
(
d∗0 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗
)]
+ Pf(d1, d∗−1,1, . . . , jˆ , . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)Pf(•) − Pf(d1, d∗−1, •)
× Pf(1, . . . , jˆ , . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)
+ Pf(d1,1, . . . , jˆ , . . . ,N,N∗, . . . ,1∗)Pf
(
d∗−1,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗
)
+ Pf(d0, d∗0 ,1, . . . , jˆ , . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)Pf(•) − Pf(d0, d∗0 , •)
× Pf(1, . . . , jˆ , . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)
+ Pf(d0,1, . . . , jˆ , . . . ,N,N∗, . . . ,1∗)Pf
(
d∗0 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗
)
+ [Pf(d0, d∗−1,1, . . . , jˆ , . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)Pf(•) − Pf(d0, d∗−1, •)
× Pf(1, . . . , jˆ , . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)
+ Pf(d0,1, . . . , jˆ , . . . ,N,N∗, . . . ,1∗)Pf
(
d∗−1,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗
)]}≡ 0.









d∗0 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗
)







d∗−1,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗
)
+ 2 Pf(d∗0 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)}
+ Pf(d∗−1, d0, d∗0 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)
+ Pf(d∗−1, d0, d∗1 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)
+ Pf(d∗0 , d0, d∗1 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)
+ Pf(d∗1 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)}. (23)
Substitution of (18), (22), (23) into Eq. (20) leads to the sum of Jacobi identities:
Pf
(








− Pf(d∗0 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)Pf(d0, d∗−1, •)
− Pf(d∗−1, d0, d∗0 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)Pf(•)
+ [Pf(d∗−1,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)Pf(d0, d∗1 , •)
− Pf(d∗1 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)Pf(d0, d∗−1, •)
− Pf(d∗−1, d0, d∗1 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)Pf(•)]
+ [Pf(d∗0 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)Pf(d0, d∗1 , •)
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− Pf(d∗0 , d0, d∗1 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)Pf(•)]= 0.
Much in the same way, we can prove f (k)n and g(k)j,n satisfy Eq. (21). So Eqs. (17), (20) and (21)
constitute a coupled system with K pairs of self-consistent sources which is the so-called semi-
discrete Toda ESCS, in which f (k)n , g(k)j,n and h
(k)
j,n defined by (14), (18), (19) are the N -soliton
(N K) solutions of the coupled system. For example, if we choose K = 1, we can obtain the
semi-discrete Toda equation with a source and its N(N  1)-soliton solution.
Through the dependent variable transformation

















Eqs. (17), (20), (21) are transformed into nonlinear equations(
u(k+1)n + u(k)n+1 − u(k+1)n+1 − u(k)n
)
t
+ e(u(k+1)n+2 +u(k)n −u(k+1)n+1 −u(k)n+1)

















j,n + v(k+1)j,n e(u
(k+1)























n +u(k−1)n+1 −u(k+)n+1 −u(k−1)n )]. (26)
To explain the integrability of system (17), (20), (21), we will give its bilinear Bäcklund trans-
formation and Lax pair for Eqs. (24)–(26) in the next section.
3. Bilinear Bäcklund transformation and Lax pair for (24)–(26)
In this section, we first present a bilinear Bäcklund transformation for the semi-discrete Toda
ESCS (17), (20), (21). The results obtained are:
Proposition 1. The bilinear system (17), (20), (21) has the bilinear Bäcklund transformation
(
Dt + β2e−Dn + ν
)











2 (Dk+Dn) − α2e− 12 (Dk+Dn) − β2e 12 (Dk−Dn)
}
f (k)n • fˆ (k)n = 0, (28){
e
1






j,n = 0, j = 1,2, . . . ,K, (29){
e
1
















− 12 Dk + β1e 12 Dk
)
f (k)n • hˆ
(k)
j,n = 0, j = 1,2, . . . ,K, (31)
e
1
2 Dkf (k)n • gˆ
(k) − (α1e− 12 Dk + β1e 12 Dk )g(k) • fˆ (k)n = 0, j = 1,2, . . . ,K, (32)j,n j,n
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arbitrary constant.
Proof. Let f (k)n , g(k)j,n, h
(k)
j,n be solutions of Eqs. (17), (20), (21) and fˆ (k)n , gˆ(k)j,n, hˆ(k)j,n satisfy re-


















2 Dk− 12 Dn + e− 12 Dk− 12 Dn − e 12 Dk+ 12 Dn)hˆ(k)j,n • fˆ (k)n = 0, (34)(
e
1
2 Dk− 12 Dn + e− 12 Dk− 12 Dn − e 12 Dk+ 12 Dn)fˆ (k)n • gˆ(k)j,n = 0. (35)


















2 Dk fˆ (k)n • fˆ (k)n
)
























n • fˆ (k)n
)















































• f (k)n fˆ (k)n










2 f (k)n • fˆ (k)n
)

























e−Dnf (k)n • fˆ (k)n
)









n • f (k)n fˆ (k)n ≡ 0,










2 + e−Dk−Dn2 − e Dk+Dn2 }fˆ (k)n • gˆ(k)j,n





















+ (e−Dk−Dn2 fˆ (k)n • gˆ(k)j,n)(e Dk+Dn2 f (k)n • g(k)j,n)



















































































2 + e−Dk−Dn2 − e Dk+Dn2 }hˆ(k)j,n • fˆ (k)n
− (e Dk+Dn2 hˆ(k)j,n • fˆ (k)n ){e Dk−Dn2 + e−Dk−Dn2 − e Dk+Dn2 }h(k)j,n • f (k)n ≡ 0.
The above results indicate that fˆ (k)n , gˆ(k)j,n and hˆ
(k)
j,n satisfy Eqs. (33)–(35). Then we have com-
pleted the proof of the proposition. 
Starting from the bilinear transformation (27)–(32), we can derive a Lax pair for Eqs. (24)–
(26). To this end, set
fˆ (k)n = φ(k)n f (k)n , gˆ(k)j,n = φ(k)j,ng(k)j,n, hˆ(k)j,n = ψ(k)j,nh(k)j,n,
u(k)n = lnf (k)n , h(k)j,n = v(k)j,nf (k)n , g(k)j,n = w(k)j,nf (k)n .
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(
u(k+1)n + u(k)n+1 − u(k+1)n+1 − u(k)n
)
t
+ e(u(k+1)n+2 +u(k)n −u(k+1)n+1 −u(k)n+1)

































j,n + v(k+2)j,n e(u
(k+2)





j,n + v(k+1)j,n e(u
(k+1)














j,n + v(k+1)j,n e(u
(k+1)
n +u(k)n+1−u(k+1)n+1 −u(k)n )). (44)
Equation (44) with one of Eqs. (42), (43) can give the third equation in Eqs. (42)–(44). So ex-
pressions (36)–(40) are the Lax pair for Eqs. (24)–(26).
4. Conclusion and discussions
In this paper, we have used a new ‘source generalization’ method [30] to construct and solve
the semi-discrete Toda ESCS, starting from the Gram-type determinant solutions of the bilinear
semi-discrete Toda equation without sources. It turns out that the corresponding solutions to the
semi-discrete Toda ESCS can be expressed by pfaffians. In this case, the semi-discrete Toda
ESCS can be transformed into the sum of pfaffian identities. When the semi-discrete Toda ESCS
has K (K  1) pairs of sources, we can obtain N -soliton solution (N K) of the system with
K pairs of sources. If we set each cj (t) be a constant, the sources h(k)j,n, g
(k)
j,n come to be zero, and
f
(k)
n is reduced to the solution of the semi-discrete Toda equation without sources. So the semi-
discrete Toda ESCS is a kind of generalization of the semi-discrete Toda equation. In addition,
we have given the bilinear Bäcklund transformation and Lax pair for the semi-discrete Toda
ESCS, which are in accordance with the integrability of this coupled system.
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Appendix A. Hirota’s bilinear operator identities
The following bilinear operator identities hold for arbitrary functions a, b, c, a′, b′, c′ and d :(
Dte
1




2 Dka′ • a′







(Dta • a′) • aa′, (A.1)
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eDn+
1




2 Dkb • b






























2 Dnc • d
)























2 Dkc • b
)






ab′ • ba′ = (e 12 Dka • a′)(e− 12 Dkb • b′)− (e− 12 Dka • a′)(e 12 Dkb • b′). (A.6)
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